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Abstract

We show that under Martin’s Axiom, the cofinality cf(Aut(T")) of
the automorphism group of the random graph I' is 2.

1 Introduction

Suppose that G is a group which is not finitely generated. Then G can be
expressed as the union of a chain of proper subgroups. The cofinality of
G, written cf(G), is defined to be the least cardinal A such that G can be
expressed as the union of a chain of A proper subgroups. In [6], Macpher-
son and Neumann proved that cf(Sym(w)) > w. In [7], Sharp and Thomas
proved that it is consistent that cf(Sym(w)) and 2¥ can be any two pre-
scribed regular, uncountable cardinals, subject only to the obvious require-
ment that ¢f(Sym(w)) < 2¢. Then, in [8], Sharp and Thomas considered
the relationship between cf(Sym(w)) and two well-known cardinal invari-
ants of the continuum, the dominating number ? and the bounding number
b. They proved that cf(Sym(w)) < 0, and that both cf(Sym(w)) < b and
b < cf(Sym(w)) are consistent with ZFC.

If we regard Sym(w) as the automorphism group of (w;), the “trivial
countably infinite structure,” then it is natural to try to compare ¢ f(Sym(w))
and cf (Aut(M)), where M is a countable structure. In [9], Thomas showed
that if M is w-categorical, then cf(Aut(M)) < cf(Sym(w)). There exist
countable w-categorical structures M such that cf(Aut(M)) < cf(Sym(w)).



For example, in [5], Lascar showed that there exists a countable w-categorical
structure B such that the product of countably many cyclic groups of order 2
is a homomorphic image of Aut(B). It follows that cf(Aut(B)) = w. In [9],
Thomas also showed that if M is a vector space over a finite field F, then
cf(Aut(M)) = cf(Sym(w)). On the other hand, the following question is

open:

Question. Is it consistent that there exists a countable w-categorical struc-
ture M such that

w < cf(Aut(M)) < ef(Sym(w))?

We denote by I" the random graph (see [1, pp. 37-38] ) which is uniquely
characterized up to isomorphism among graphs on countably many vertices
by the following property:

(x)If U,V aredisjoint, finite sets of verticesinT', then thereis a vertex x
of T' which is adjacent to all vertices in U and to no vertices in V.

In [2], Hodges, Hodkinson, Lascar, and Shelah showed that cf(Aut(I")) > w.
In this paper, it will be shown that under Martin’s Axiom, cf(Aut(I")) = 2¥.

Definition 1.1.

(1) M A()) is the statement that if P is a nonempty c.c.c partial order, and D
a family of dense subsets of P with |D| < A, then there exists a filter G C P
such that G N D # () for every D € D.

(2) Martin’s Axiom (M A) is the statement that M A()) holds for all A < 2¢.

The main result to be proved is the following:

Theorem 1.2. Let I' be the random graph and let G = Aut(I"). If A is a
regular cardinal, then M A(\) Ecf(G) > A.

From now on G = Aut(I'). We will prove Theorem 1.2 in the following way.
Suppose that G = Uy<yH,. We will use M A(M) to construct a “generic”
sequence of automorphisms (g, )a<a (as defined in [2]and [10]) and a strictly
increasing sequence (&,)a<x such that g, € He, \ Ug<e, Hg for each a < A.
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We will then use M A()\) again to find an element W € G such that for each
a < A, there is a 3 > « such that Wg, ¥~ = gg. Then for some o < A,
Ve H,C H,. Sogs=Vg, 0! € He,, a contradiction. All of this will be
made precise later in this paper.

Theorem 1.2 and the proof of Corollary 2.2 in [7] give us the following result:

Corollary 1.3. Let M = GCH and suppose that A < 6 are regular un-
countable cardinals in M. Then there exists a c.c.c. poset P such that
MEPEcf(G)=X<0 =2~

The results of this paper form part of the author’s Phd thesis written under
the supervision of Simon Thomas. The author would like to thank Simon
Thomas for his encouragement and helpful discussions.

2 Generic Sequences of Automorphisms

In this section, following Truss [10], we define the notion of a generic sequence
of automorphisms. The existence of generic sequences of countable length
was proved in [2]. Since many of the ideas in [2] are central to the proof of
Theorem 1.2, we repeat the relevant results in this section. However, we will
rewrite this exposition in the language of games, as we feel that it is slightly
easier to understand in this form. We then show that under M A()\), we can
construct generic sequences of length \.

If A CT, then we denote by G4 the pointwise stabilizer of A. It is well
known that G is a Polish group with basis

{¢GrlgeG, FCT, |F| <w}.

The open subgroups of G are precisely the subgroups which contain the
pointwise stabilizer of a finite set.

Lemma 2.1. If H is an open subgroup of GG, then there are only finitely
many subgroups K of G that contain H.

Proof. See [2, Lemma 2.4].
In particular, if G = U,<\H,, then H, is not open for each a@ < \.
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Definition 2.2.

(1) If g, h € G, then the conjugate of g by h is defined to be g" = hgh™!.
(2) If (g1, .., 9n)€ G™, then the corresponding conjugacy class is defined to
be

(91,5 90) ={(g7,..., ) | h € G}.

Recall that a subset C' C G is comeagre if C contains a countable intersection
of dense open subsets of G. A subset M C G is meagre if G\ M is comeagre.

Definition 2.3. (g1,...,9,) € G" is said to be generic if (g1,...,9,)¢ is
comeagre in G™ (in the product topology).

Note that there can be at most one generic conjugacy class, for if (g1, ..., g,)¢
and (hy,...,h,)% are both comeagre, then they must intersect. But conju-
gacy classes are either disjoint or coincide. So (g1,...,9n)¢ = (h1,..., h,)C.

Notation. (T, g1,...,g,) is the obvious expansion of I" to a language with n
new 1-place function symbols.

Proposition 2.4. Let (g1,...,9n), (h1,...,h,) € G". Then

(Riy. . hn) € (915 90) Y i (D1, ..oy gn) = (D Ry, ... hy).

In particular, if (g1,...,9n), (h1,...,hy,) are both generic sequences, then
(F,gh...,gn) ~ (F,hl,...,hn).

Proof. (T'yg1,...,9n) =~ (U, hy,..., hy,)iff thereisa k € G such that k(g;(a))
hi(k(a)) for all a € T'and i = 1, ..., n iff there exists k € G such that h; =

9
foralli=1,...,n. O

We will use Banach-Mazur games to show that there is a generic conjugacy
class. For each A C G let &(A) be the game defined as follows. Let
P={f:T —T| fisa finite partial isomorphism}

where PP is ordered by p < ¢ iff p O ¢. Then in the game &(A), Players I and
IT choose a decreasing sequence

PoZP> . 2P > nEw
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of elements of P. Player I chooses p; iff 7 is even. Player II wins iff U,,c,p, € A.
Remark. Player II can easily ensure that U,c,p, € G.

Theorem 2.5. Player II has a winning strategy in &(A) iff A is comeagre
in G.

Proof. See [4, Theorem 8.33 ].

Theorem 2.6. Player I has a winning strategy in &(A) iff there is a finite
F CT and g € G such that A N gGF is meagre in gGF.

Proof. See [4, Theorem 8.33 ].

Corollary 2.7. ¢ € G is generic iff Player II has a winning strategy in
&(g%).

By the next result, if H is not open, then Player I does not have a winning
strategy in &(G\ H). This will allow us to construct a generic automorphism
which is not in H.

Theorem 2.8. Let H be a subgroup of GG. Then H is open iff Player I has
a winning strategy in &(G \ H).

Proof. If H is open, then there is a finite /' C I such that Gp < H. As his
first move, let Player 1 play py = i¢d [ F'. Then clearly Player I can ensure
that Uncopn € Gr.

Conversely, suppose that Player I has a winning strategy in &(G \ H).
By Theorem 2.6, there is a finite F* C I and g € G such that (G\ H) NgGr
is meagre in gGrp. Then H N gGr is comeagre in ¢gGr. In particular, we
have that H N gGr # 0. So, we may assume that ¢ € H. Therefore,
HnNgGr =g(HNGF). It follows that H NG is comeagre in G, and hence
the same is true of each coset of H N G in Gp. Since distinct cosets are
disjoint, we have that Gp = H N Gr. Thus Gp < H, and so H is open. [

We now show that a generic conjugacy class exists. Consider the class A of
all structures of the form (X, f) where X is a finite graph, and f € Aut(X).
We say that (Y,g) is a substructure of (X, f) iff Y C X and g = f [ Y.



Clearly A has the amalgamation property, and hence there exists a unique
countable universal homogeneous structure (A, ¢) with respect to A.

Claim 2.9. A is the random graph.
To prove this claim, we will need the following theorem of Hrushovski.

Theorem 2.10.(Hrushovski) Let X be a finite graph. Then there exists
a finite graph Z, containing X as an induced subgraph, such that any iso-

morphism between induced subgraphs of X extends to an automorphism of
Z.

Proof. See [3].

Proof of Claim 2.9. Suppose that (X, f) € A and that X = UUV is a
partition. Let Y = X U {x}, where z is a new vertex which is adjacent to
all the vertices in U and to none in V. By Hrushovski’s Theorem, there
exists a finite graph Z O Y such that any isomorphism between subgraphs
of Y extends to an automorphism of Z. In particular, f extends to an
automorphism g of Z and (Z, g) € A. Claim 2.9 follows easily. 0

Theorem 2.11. ¢ is a generic element of G.

Proof. Consider a play of the game &(p%), say
Po Zpl > anz N Eew,

and let f = U,ecopn. It is clear that Player II can play so that the following
hold:

(1) f e G.

(2) for all odd i, dom p; = ran p;. (Use Hrushovski’s Theorem).

(3) (T, f) is existentially closed in the class of locally-A structures.

It follows that (I, f) is a universal homogeneous structure with respect to A.
Thus (T, f) ~ (T, ¢). So by Proposition 2.4, f € ¢C. O

We can easily generalize the above to generic sequences (g1, ..., g,) € G" for
each 1 <n < w. Let P =P x --- x P. Then for each subset A C G", we
have the obvious game &(A).



Theorem 2.12. Player IT has a winning strategy in &(A) iff A is comeagre
in G" (in the product topology).

Theorem 2.13. Player I has a winning strategy in &(A) iff there are finite
Fi,....,F, CT and g1,...,9, € G such that AN (¢1Gp, X -+ X g,GE,) is
meagre in ¢1Gp X -+ X ¢,GF, .

Corollary 2.14. (g1,...,9,) € G" is generic iff Player II has a winning
strategy in &((g1, ..., 9,)%).

Consider the class A, of all structures of the form (X, fi,..., f,) where X
is a finite graph, and f; € Aut(X) for each i = 1,...,n. As before, we have
the obvious notion of a substructure, and since 4,, has the amalgamation
property, there exists a unique countable universal homogeneous structure
(A, @1, ..., p,) with respect to A,. Using the same arguments as before,
we see that A is the random graph, and that (¢1,...,p,) is generic. We
therefore have the following;:

Theorem 2.15. There exist generic (g1, ...,9,) € G" for each 1 <n < w.
Theorem 2.16. If (gq,...,g,) is generic, then

is comeagre in G.
Proof. See [4, Theorem 8.33 ].
To prove Theorem 1.2, we will need longer generic sequences.

Definition 2.17. If 3 is any ordinal, then we say that (g, )a<p is generic if
foranyn e wand a; < -+ < an, < B, (gayy---»9a,) € G" is generic.

Theorem 2.18. (MA()N)). Let 8 < A and (ga)a<p be generic. Then,
{95 € G| (ga)a<p is generic} is comeagre in G.

Proof. {93 € G| (ga)a<p is generic} is the intersection of the sets

{f €G] (Gays--+»Yan, f) is generic} (n €w, a1 < ... < a, <)



This is an intersection of < A\ comeagre sets and hence is comeagre by M A(\).
0

The next lemma will enable us to construct our desired generic sequence as
stated in the Introduction.

Lemma 2.19. Let C' be comeagre in G, H a subgroup of G which is not
open, and ¢ : I' — I" a finite partial isomorphism. Then there isa g € C'\ H
which extends ¢.

Proof. Consider a play of the game &(C'\ H), say
Po 2]71 Z Ean ---7n€w'

Let Player I use the following "strategy”: On his first move Player I plays
po = . For the rest of the game, Player I pretends to be Player II using
a winning strategy in the game &(C); and thus Player I will ensure that
g = Up<wpPn € C. By Theorem 2.8, this strategy is not winning for Player I
in (G \ H). Hence Player II can ensure that g = U, «,p, € G\ H. O

3 Proof of Theorem 1.2
We are now ready to prove the main result of this paper.

Theorem 1.3. Let I' be the random graph and let G = Aut(I"). If A is a
regular cardinal, then M A(X\) =cf(G) > .

Proof. Let k < X be a regular cardinal, and suppose that G = U, H, is
a chain of proper subgroups. Then by [2], kK > w. By Lemma 2.1, each H,
is not open. We define a sequence (gq)a<x Of elements of G and a strictly
increasing sequence (&, )a<x of ordinals so that:

(i) For each oo < K, go € He, \ Up<e, Hp.
(ii) For each a < K, (g3)g<a is generic.
(iii) Suppose that v < a < k and that ¢ : I' — IT' is a finite partial
isomorphism such that dom ¢ is invariant under g,. Then there exists § > «
such that g, *(a) = gs(a) for all a € ran ¢.



As the set of generic elements of G is comeagre in G, we can choose a
generic element gy € G. Let & be the least ordinal such that g € He,. Then
9o, & satisfy (i) and (ii).

Now suppose that (gs)s<o has been defined satisfying (i) and (ii). Let
J be the set of all pairs (7, ¢) satisfying the following conditions:

(a) v < a.
(b) ¢ : I' — T is a finite partial isomorphism.
(c) dom ¢ is invariant under g,.

Then J has cardinality p < k. Enumerate this set as ((vg,¥3))a<g<atu
and for each 3, let hg = gp/ggwgogl [ ran pz. We extend each hots5 t0 gots
satisfying (i) and (ii) as follows:

Suppose (93)s<ats and (€g)g<a+s satisty (i) and (ii). The set

C = {ga+s € G| (93)p<a+s 1s generic}

is comeagre in G. Let p = sup{és | # < a+ d}. By Lemma 2.19 there is
Gots € C\ H, such that g,ys extends hots. Let £,45 be the least ordinal
such that go4s € He,,,. Continuing in this fashion, the construction can be
completed so that conditions (i), (ii) and (iii) hold.

Now define a map S : k — [k]Y by S(a) = S, where S, is defined as
follows: For each finite partial isomorphism ¢ : I' — I with dom ¢ invariant
under g,, by (iii) we can choose 3, > « so that we have [, ¢ Us.,S5s and
©ga " (a) = gs,(a) for all @ € ran ¢. Let

Sa = {B, | dom ¢ is invariant under g, }.

Note that for o # 3, S, N Sz = 0.
Let P be the partial order consisting of all conditions (g, F') such that:
(1) ¢ : T' = I' is a finite partial isomorphism
(2) F : k — k is a finite injective partial map
(3) For all a € dom F, F(a) € S,
(4) For all a € dom F, dom ¢ is invariant under g,.
(5) For all @ € dom F and a € ran ¢, pga¢ ' (a) = gr)(a)
P is ordered by (1, F1) < (pa, Fy) iff o1 D @9 and F; D F.

Claim 1. P is a c.c.c partial order.

Proof. To prove that P is c.c.c, suppose that {{(p¢, Fe) | £ < wi} is an
antichain. Without loss of generality, ¢ = ¢ for all {. Let A¢ = dom F;. By
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the A-system lemma, we may assume that {A¢ | £ < wy} forms a A-system
with root R. For each o € R, we must have F¢(«) € S,. Thus there are only
countably many possibilities for F; [ R. Therefore there is an uncountable
X C w; such that F¢ | R are all the same for all { € X. It follows that
{(p, F¢) | £ € X} are pairwise compatible, a contradiction. O

Claim 2. For each a € T, the set D, = {{p, F) € P | a € dom ¢} is dense.

Proof. Let (¢, F) € P be arbitrary. Suppose dom F' = {ay,...,a,}. Extend
¢toh € G. Then (¢ ,..., gl ) is generic and agrees with (gr(ay), - - -, 9F(an))
onran ¢. By Proposition 2.4 (I',¢" ,..., g% ) = (T, gr(ay), - - - » GF(an)). Since
this structure is homogeneous with respect to 4, and the generic sequences
agree on ran ¢, we can find an automorphism k € Giay , such that for each
1=1,...,n, gg’f = (r(a;)- Let ¥ = hk. Then ¢ extends ¢, and for each

1 =1,...,n, gg{’i = gF(a,)- Since the sequence (ga,; .- -, Ya,) is generic we
can extend dom ¢ U {a} to a finite set Y such that Y is invariant under
Gays- -3 9ay,- Let 7 =1 Y. Then (1, F) < (p, F). O

Claim 3. For each a € T, the set E, = {(¢, F) € P | a € ran ¢} is dense.
Proof. Define 9 as before. Extend dom ¢ U {1)"1(a)} to a finite set Y such

that Y is invariant under go,, ..., ga,. Let 7 =1 [ Y. Then (1, F) < (p, F).
O]

Claim 4. For each a < k, the set K, = {{(p, F) € P | a € dom F'} is dense.

Proof. Let (p, F) € P be arbitrary. Suppose dom F = {«,...,a,}, and
define v as before. Since the sequence (ga,; - - - Ga,; ga) 1S generic we can

extend dom ¢ to a finite set Y such that Y is invariant under g, .. ., ga, , Ga-
Let 7 = | Y. By the definition of S, we can find an appropriate 3 > « so
that 7g,7! | ran 7 = gz | ran 7. So (1, F U (a, 8)) < (g, F). O

Now let G be a filter intersecting each D,, F, and K,. Let

U= Hellp,F)eg}and®=| {F|(p F) g}

By Claim 4, ® : kK — k is a strictly increasing function. By claims 2 and
3, ¥ e Aut(l') = G; and clearly Wg,U™! = gg(q) for cach o < k. Since
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¥ € G, we have that ¥ € H, C H_, for some a < k. But then we have
9o(a) = Ug, ¥~ ! € He,, which is a contradiction. O
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